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ABSTRACT 
An exact analytical solution for the nonsteady-state temperature 
distribution applicable to all times and space is obtained through successive 
applications of the Laplace and Hankel transformations. The steady-state 
solution is obtained as a limiting case. The final solutions indicate the 
existence of two distinct regions. In the first, the temperature profiles 
are spherical and concentric with the disc. In the second, considerable 
deviation from sphericity occurs due to the asymmetry of the disc 
dimensions in the horizontal and vertical directions. 
INTRODUCTION 
A practical problem of frequent occurrence in heat transfer theory is 
the determination of the temperature rise as a function of time and space 
in a semi-infinite medium heated by a planar source. Its analogue in the 
theory of fluid flow through porous media is the determination of the 
potential distribution in a hydrodynamic field due to a specified fluid 
withdrawal or injection rate through a well just tapping the producing 
formation. 
Examples of practical interest in heat transfer theory are the deter-
mination of the edge effects in induction heating, heating by friction or 
sliding contacts and the heating of the anode of an X-ray tube. This 
problem has been treated in different forms by LowAN [16], HoLM [9], 
JAEGER [10, 11], ATALLA and PRESTON [1], THOMAS [18], LAI [14], and 
LEWIS and RINEY [15]. The methods employed by the above authors 
vary from the use of the Laplace transformation, integration of the point 
source solution to the use of the Green's function technique. Most of the 
available exact solutions are in the form of unevaluated infinite integrals 
involving complicated functions [10, 14, 16]; The relatively simple ones 
are restricted to some specific points or planes in the semi-infinite medium 
[1, 11, 18]. The approximate ones [9, 15] are restricted to the deter-
mination of the upper and/or lower bounds of the general solution. In 
contrast, our solution is general containing simple tabulated functions. 
1) This work was supported in part by Public Health Service Grant H 6796. 
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The integrals involved are finite, monotonic, and nonoscillating, a fact 
that made numerical evaluation of the solution a simple task. 
Examples of the fluid flow problem are frequently encountered in 
aquifer water movement into oil or gas producing reservoirs, in situ 
measurement of the permeability of soils, and fluid flow into partially 
penetrating wells. The analysis in this paper applies to the problem of 
potential distribution in a semi-infinite reservoir due to a well of zero 
penetration draining the reservoir at a constant fluid withdrawal rate 
(or feeding it at a constant injection rate). This problem has been treated 
in the past as a limiting case of the problem of partial penetration by 
MUSKAT [17], HANTUSH [8], and KIRKHAM [13]. In their analyses, both 
Muskat and Hantush used the method of images. They considered the 
flow at the bottom of the well to be negligible compared to that through 
the surface area of the penetrating depth. This is reasonable as long as 
the penetration depth is much larger than the bore-hole diameter. Pro-
ceeding to the limit in the case of zero penetration makes the validity of 
their solutions meaningless. To the writers' knowledge, the only exact 
formulation of the problem of partially penetrating wells is due to 
Kirkham. His method of analysis, in addition to being restricted to steady-
state, is too complex to yield practical results without resort to a high 
speed digital computer technique. 
In the following analysis, an attempt will be made to show how the 
method of integral transforms can be applied to boundary value problems 
with linear, piecewise-continuous, nonmixed boundary conditions pre-
scribed along a coordinate surface to yield integral equations the solution 
of which, if possible, gives general analytical expressions applicable to 
all times and space. 
NONSTEADY -STATE FORMULATION 
The analogy between heat conduction in solids and flow of slightly 
compressible liquids in porous media is a well established fact. Even 
though the following formulations and solutions are stated in terms of 
temperatures, their pressure or potential analogues are simple corrollaries 
resulting from the identity of the governing equations. 
Let T=T(r, z, t) be the unknown temperature at all t > 0 at every 
coordinate point (r, z) of a homogeneous solid with thermal conductivity k 
and thermal diffusivity £X. The solid is initially at a uniform temperature 
T = 0. Heat of constant rate Q per unit area per unit time is suddenly 
generated at a thin disc of radius a. The remainder of the boundary z = 0 
is perfectly insulated. The nonsteadystate temperature distribution in the 
medium O.;;;r<oo, O.;;;z<oo is given by the solution of the following 
two-dimensional, axially-symmetric boundary va]ue problem: 
(1) b2T 1 bT b2T 1 bT -+--+-=--br2 r br bz2 £X bt 
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(2) T(r, z, 0) = 0 
(3) oT -k ~ (r, 0, t) = Q (a constant) for t>O, O<;r<a 
(4) oT ~ (r, 0, t) = 0 for t>O, a<r<oo 
(5) lim T(r, z, t) = 0 for t>O, O<z<oo. 
T--+00 
Solution: 
Transforming the t-span using a Laplace transform and the r-span 
using a Hankel transform of order zero, let 
00 
L[T(r, z, t)] = T(r, z, p) = f exp ( -pt) T(r, z, t)dt 
0 
and 
00 
Ho[T(r, z, p)] =To( a, z, p) = f aJo(ar) T(r, z, p)dr 
0 
with its inversion formula 
00 
T(r, z, p) = f aJo(ar) To(a, z, p)da. 
0 
The Laplace transform of the t-span yields 
(6) o2T 1 oT o2T pT or2 + r br + oz2 = -;;: . 
The Hankel transform of the r-span yields 
(7) d2T0 ( p) --- - a2 +- To = 0. dz2 ex 
Solution of (7) is given by 
( 8) To = A (a, p) exp [- ( a2 + ~ t z J + B( a, p) exp l ( a2 + ~ t z J. 
The Laplace-Hankel transform of (5) yields 
(9) To( a, oo, p) = 0. 
Substituting in (8), then B = 0, and 
(10) To= A(a, p) exp [- ( a2 + ~t z]. 
Inverting the a-span, then 
(11) T(r, z, p) = f aJ0(ar) A(a, p) exp [ -( a2 + ~y-z] da 
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where A(a, p) is as yet unknown. To determine A(a, p), substitute in (ll) 
the Laplace transform of boundary conditions (3) and (4), namely, 
(12a) 
(12b) 
'fJT Q ~ (r, 0, p) =- kp 
0 
for O...;;;r<a 
for a<r<oo. 
Accordingly 
(13a) 00 ( )! Q J a a2 + ~ Jo(ar) A(a, p)da = kp for O<;r<a 
(13b) = 0 for a<r<oo. 
Equation (13) represents an integral equation which has to be solved for 
the unknown A(a, p). The solution is given by 
aQ 1 
A(a, p) = -k ( )! J1(aa) 
p a2 + l? 
IX 
(14) for a>O. 
This solution could be verified by substituting back in Equation (13) and 
making use of formula no. 18 of reference [6]. Substituting in [11], then 
(15) T(r, z, p) = ~~! exp [- ( a2 + ~t z] ( a2 + ~rt J 0(ar) J 1(aa)da. 
Evaluation of the infinite integral in (15) is given in Appendix, then 
(16) 
' _ aQ [ exp [- (~Y z J 
T(r, z, p) = kp H(a-r) a(~t -
_1_ "(a-r cos (;J) exp [ -(~ (z2+a2+r2-2ar cos (;J)n de] 
(p)! J a2 + r2 - 2ar cos (;J :n; ;; 0 
where H(a-r) is the Heaviside unit function defined as follows: 
(17) l H(x): ~ -z-
=0 
for x > 0 
for x = 0 
for x < 0. 
Inverting the p-span [4], then 
T(r, z, t) = 2 [n(a-r) {2(od)t exp ( _ _!~)- z erfc _z_} + k :n; 4£Xt ( 4£Xt)l 
(18) a "(a-rcos(;J)(z2+a2+r2-2arcos(;J)l (z2+a2+r2-2ar CO!:' (;J)i - f erfc d(;J-
n 0 a2 + r2 - 2ar cos (;J 4£Xt 
\ 
2a(£Xt)*s" a-rcos(;J ex (-z2+a2+r2-2arcos(;J)de]. 
n n 0 a2 + r2 - 2ar cos (;J p 4£Xt 
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Equation (18) may be verified as the required solution of the boundary 
value problem by substitution in Equations (1) to (5). 
In a dimensionless form Equation (18) may be rewritten as 
{ T*(R, Z, r) = ~~ = H(1-R) [(~t exp (- ~2)- Z erfc ~] + 
(19) '..!:_ f (1-R cos e)(Z2+R2 + 1- 2R cos e)! erfc (Z2+R2+ 1- 2R cos e)t dO_ I n o 1 + R2 - 2R cos e r r';, "' 1-R cos e ( Z2+R2+ 1- 2R cos e) 
- S exp - ------ de 
:n;'lo 0 1 + R2 - 2R cos e T 
where H(l-R) is the dimensionless form of the Heaviside unit function 
defined by Equation (17). Equation (19) was numerically evaluated on 
an IBM 7090 digital computer. A Simpson integration subroutine was 
used for numerical integration of the integrals involved. The results are 
shown in Figures 1 through 6. 
At r=O Equation (18) reduces to 
(20) k :n; 4£Xt 4£Xt ) 
T(O, z, t) = 9. [2(od)t {exp ( __._ ~) _ exp ( _ z2 + a 2)} _ 
z erfc ( 4=t)l + (z2 + a2)! erfc ( z24::2tJ 
which agrees with ATALLA and PRESTON's [1] solution. 
If we let a---+ oo in (18) we obtain the one-dimensional solution, namely, 
(21) T(z, t) = ~ [2( :)t exp (- ::t)- z erfc (4=t)l] 
which agrees with JAKOBS' [12] one-dimensional solution for the semi-
infinite rod. 
The transient temperature rise at the center of the disc is given by 
(22) T*(O, 0, r) = :~ = erfc (~t + (~Y [1- exp ( ~~)] 
in agreement with BLoK's [2] solution. A plot of the transient temperature 
rise at the center of the disc is shown in Figure 7. 1, p. 18, reference [15] 1). 
If we let r---+ oo in (19) we obtain the steady-state solution, namely 
) 
T* (R Z) = kT = 
' aQ 
(23) 
..!:_ f (1-R cos e) (Z2+R2+ 1-2R cos e)l de_ HO-R)Z. 
n o 1 + R2 - 2R cos e 
1) There is a typographical error in Equation 7.2, p. 17, reference 15. erf (~) 
should read erfc (~} The numerical values given in Table 7.1 agree with ours to 
the fourth decimal place. 
TABLE l. Exact Solution, Eq. 23. 
R=E. 
a 
Z=~ 0.0 0.2 0.4 .0. 6 0.8 1.0 a 2.0 4.0 6.0 8.0 10 20 60 100 
0.0 1. 0000 o. 9899 0.9588 0.9028 0.8126 0.6366 0.2587 o. 1260 0.0836 0.0626 0.0500 0.0251 0. 0.083 0.0050 
0.2 0. 8198 0.8103 o. 7812 0.7301 0.6531 0.5499 0.2570 0.1258 0.0836 0.0626 0.0500 0.0251 0.0083 0.0050 
0.4 0.6770 0.6690 0.6448 0.6041 0.5478 0.4810 0.2521 o. 1253 0.0834 0.0625 0.0500 0.0251 0.0083 0.0050 
0.6 0.5662 0.5599 0.5412 0.5108 0.4706 0.4246 0. 2447 o. 1245 0.0832 0.0624 0.0500 0.0251 0.0083 0.0050 
0.8 0.4806 0.4759 0.4619 0.4397 0.4108 0.3778 0.2356 o. 1234 0.0829 0.0623 0.0499 0.0250 0.0083 0.0050 
1.0 0.4142 0,4107 0.4004 0.3841 0.3630 0.3388 0.2256 0. 1220 0.0825 0.0621 0.0498 0.0250 0.0083 0.0050 
2.0 0.2361 0.2352 0.2326 0.2284 0.2228 0.2160 0.1753 o. 1121 0. 0792 0.0608 0.0491 0.0249 0.0083 0.0050 
4.0 o. 1231 0. 1230 o. 1226 o. 1219 o. 1210 o. 1197 0. 1108 0.0882 0.0694 0.0559 0.0465 0.0246 0.0083 0.0050 
6.0 0,0828 0.0827 0. 0826 0.0824 0.0821 0.0817 0.0786 0.0692 0.0589 0.0500 0.0429 0.0240 0.0083 0.0050 
8.0 0.0623 0.0622 0.0622 0.0621 0.0620 0.0618 0.0604 0.0558 0.0499 0.0442 0.0390 0.0233 0.0083 0.0050 
10 0.0499 0.0499 0.0499 0.0498 o. 0498 0.0496 0.0489 0.0463 0.0428 0.0380 0.0353 0.0224 0.0082 0.0050 
20 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0249 0.0245 0,0239 0.0232 0.0224 0.0177 0.0079 0.0049 
60 0.0083 0.0083 0.0083 0.0083 0.0083 0.0083 0.0083 0.0083 0.0083 0.0083 0.0082 0.0080 0.0059 0.0043 
100 0. 0050 o. 0050 0. 0050 0. 0050 (). 0050 0. 0050 o. 0050 0. 0050 o. 0050 o. 0050 o. 0050 0. 0050 0. 0043 0. 0035 
-J 
,_ 
0 
TABLE 2. Approximate Solution, Eq. 25. 
r 
I 
R=-
a 
Z= z 
a 0. 0 1.0 2. 0 3.0 4. 0 5.0 6.0 7.0 8. 0 9.0 10 20 30 I 
0.0 1. 0000 0. 7078 0.2236 0. 1581 0.1213 0.0981 0.0822 0.0707 0.0622 0. 0552 0.0498 0.0251 0.0167 
1.0 0.4142 o. 3660 0.2041 0. 1508 0. 1179 0.0962 0. 0811 0.0700 0.0620 0. 0549 0.0495 0. 0249 0.0167 
2. 0 o. 2361 0. 2247 0. 1667 0. 1336 0. 1091 0.0913 0.0781 0.0681 0.0602 0.0539 0.0491 0.0249 0.0166 
3. 0 0. 1623 o. 1583 0. 1336 0. 1147 0.0981 0.0845 0.0737 0.0651 0. 0581 0. 0524 0.0476 0.0247 0.0166 
4. 0 o. 1231 0. 1213 0. 1091 o. 0981 0.0870 0.0772 0.0687 0.0615 0.0556 0,0505 0.0462 0.0245 0.0165 
5. 0 0.0990 o. 0981 0.0913 0,0845 0.0772 0. 0700 0,0635 0.0580 0.0527 0.0480 0.0445 0. 0242 0.0160 
6.0 0.0828 0.0822 0.0781 0.0747 0.0687 0.0640 0. 0585 0.0539 0.0498 0.0460 0.0427 0. 0249 0.0163 
7. 0 0. 0711 0. 0707 0.0681 0.0651 0.0616 0. 0580 0.0539 0.0500 0.0468 o. 0440 0.0408 0.0238 0.0161 
8. 0 0.0623 0.0620 0.0602 0.0581 0.0556 0.0530 0.0498 0.0470 0.0440 o. 0414 0.0389 0. 0232 0.0161 
9. 0 0.0554 0.0552 o. 0539 o. 0524 0.0505 0.0480 0.0460 0.0440 0.0414 o. 0390 0.0371 0.0228 0.0160 
10 0.0499 0. 0498 0.0488 0.0477 0.0462 0.0445 0.0427 0.0408 o. 0389 0.0371 0.0353 0.0224 0.0158 
20 0.0250 0.0250 0.0248 0.0247 0.0245 o. 0242 0.0239 0.0236 0.0232 0.0228 0.0224 o. 0177 0.0158 
30 0.0167 0.0167 0.0166 0.0166 0.0165 o. 0165 0. Of63 0.0163 0.0161 o. 0161 0.0160 0.0158 0.0156 
1.0 
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The infinite integral form of the steady-state solution, namely 
aQ "" T(r, z) = k f exp ( -az) Jo(ar) J1(aa) a-1 da 
0 
(24) 
has been derived by various authors, for example CARSLAW and JAEGER 
[3]. The equivalence of Equations (23) and (24) is shown in the appendix. 
Equation (23) was evaluated numerically on an IBM 7090 digital computer. 
The results are given in Table 1. 
For the particular case where 2R < Z2 + R2 + 1 (or 2ar < z2 + r2 + a2), 
Equation (23) reduces to 
(25) T*(R, Z) = =~ ~ [(:(:~:):~~:] for[~:~]· 
2(Z2+R2+1)i R>1 
Numerical values of Equation (25) are listed in Table 2. 
Comparison of corresponding values of Tab]es 1 and 2 indicates that 
with the exception of a certain region in the vicinity of the disc source 
(or wen bore) in which the assumption 2R <Z2+R2+ 1 does not apply, 
the agreement between the exact and approximate solutions is within a 
maximum deviation of six percent. Thus, for engineering purposes, the 
steadystate solution could be represented by the simple expressions of 
Equation (25). 
Figures 1, 2, and 3 (referred to as set one) represent the transient 
temperature rise as a function of R in various horizontal planes in the 
medium. Figures 4, 5, and 6, (referred to as set two) represent the 
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transient temperature rise as a function of Z in the corresponding vertical 
planes. Comparison of corresponding figures of sets one and two indicate 
a marked difference in the temperature distribution in the R and Z 
directions, the magnitude of which decreases as R · and Z increase. At 
R, Z = 6.0, the temperature profiles at corresponding times are identical, 
which is an indication of spherical temperature profiles. 
The isotherms (or equipotential lines) in Figure 7 represent the steady-
state temperature profiles as predicted by Equation (23). Analysis of 
the results obtained indicates that the half space is characterized by the 
presence of two distinct regions. In the region where (R2+Z2)! is greater 
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deviation in this region could be explained as a consequence of the 
asymmetry of the disc with respect to R and Z. 
Figures 8 through 10 represent the temperature rise in the half space. 
as a function of r. Its upper bound is given by the steady-state solution 
plotted in Figure 11. Analysis of the results shown in Figure 11 indicates 
that the maximum temperature profile occurs at the upper boundary 
Z = 0 and decreases as Z increases. Furthermore, the maximum tempera-
ture occurs at the center of the disc where T* = kT faQ = 1. This temperature 
decays asymptotically to zero as R increases without limit. Most of the 
temperature rise occurs in the region directly below the disc. The same 
conclusions apply to the nonsteady-state case (Figures 1 through 6). 
Generally speaking, for R> 0, the temperature rise increases as r increases 
and as Z decreases. 
r,z 
a 
R 
z 
k 
Q 
T 
T* 
p 
H(x) 
NOMENCLATURE 
= spatial cylindrical coordinates 
= radius of conducting disc (or well bore radius) 
= !:.. = dimensionless radial distance 
a 
= .: = dimensionless vertical distance 
a 
=time 
4at d" . I t" 
= (i2 = 1menswn ess 1me 
= thermal conductivity (or permeability) 
= }!__ = thermal diffusivity (e and c are the density and heat 
ec 
capacity of the medium) 
= cp:O = diffusivity constant (k and cp are the permeability and 
porosity of the medium, f-l and 0 are the viscosity and com-
pressibility of the flowing fluid) 
= constant flow rate per unit area per unit time 
= temperature 
kT d" . l t 
= aQ = 1menswn ess emperature 
= Bessel function of the first kind and order v 
= Hankel operator of zero order 
= Hankel transform of T 
= Laplace transform ofT 
= Hankel transform of r 
= Laplace transform of t 
= Heaviside unit function 
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erfc (x) = complement of the error function 
2 00 
= 1-erf (x) =- f e--'' dA. (n)l"' 
erf (x) = error function 
2 "' 
= (n)! J e-"' dA.. 
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1. 
APPENDIX 
00 
J1 = f exp ( -za) a-1 Jo(ar) J1(aa) da. 
0 
This integral has been evaluated by EASON, NoBLE and SNEDDON [5] 
(referred to here as ENS). They reduced the infinite integral to a finite 
one involving a hypergeometric series. Further reduction of the latter 
led to expressions involving elliptic integrals and Heuman's "Lambda 
Function" (Equation 4.6, p. 534). Our method of evaluation seems to be 
simpler and leads to definite integrals involving elementary functions. 
Our numerical values shown in Table 1 are in good agreement with those 
of ENS (Table 10, p. 546). 
Derivation 
One of the many forms of a product of two Bessel functions is given by 
(26) 1 "' Jo(ar) Jo(aa) =- f Jo{a(a2 +r2 - 2ar cos O)l} dO. 
~0 
Differentiating with respect to a, then 
1 "' (a-r cos 0) (27) J 0(ar)J1(aa)=-fJ1{a(a2+r2-2arcosO)l}( 2 2 2 O)ldO. ~ o a + r - ar cos 
Accordingly, 
) 
00 
J1 = f exp (- az) a-1 Jo(ar) J1(aa) da 
(28) 0 
1 " 00 a-rcosO 
=-f fexp(-az)J1{a(a2+r2-2arcosO)l}da( 2 ( 2 2 ) O)ldO. ~ 0 0 a +r - ar cos 
00 
Denoting f ---- da in (28) by Ia, then [20] 
0 
(29) 
and 
(30) ) 
It=.!_ f (z2+a2+r2-2ar cos O)l (a-r cos 0) dO 
~ 0 a2+r2-2ar cos 0 
-~f a-rcosO dO 
~ 0 a2+r2-2ar cos 0 · 
But [19] 
(3I) 
The final result is 
719 
f"' a-r cos() d() _ H( ) n 
- a-r-
0 a2 + r2 - 2ar cos () a · 
f exp (- az) a-1 Jo(ar) J1(aa) da 
) 
00 
(32) 0 
=! f (z2+a2+r2-2ar cos())! (a-r cos()) d() _ H(a-r) :. 
n 0 a2 + r2 - 2ar cos () a 
In a dimensionless form Equation (32) reduces to Equation (23). 
Special Case 
Denoting z2 + a2 + r2 by A and 2ar by B, then if B ~ A, 
"'(z2+a2+r2-2ar cos ())l (a-r cos()) f ~~ 
0 a2 + r2 - 2ar cos () 
!- "' a-r cos() ( B ) A f 2 2 2 () I - "A cos () d() ~ 0 a +r - ar cos :;:; 
At f a-r cos() d() + Br J cos2 () d() _ 
0 a2 + r2- 2ar cos () 2A t 0 a2 + r2- 2ar cos () 
(33) 
Ba "' cos() d() 
2A!- I a2+r2- 2ar cos()· 
But 
"' cos2 () d() n (r2 + a2) f - for a< r 
0 a2 + r2 - 2ar cos () - 2r2 r2 - a2 
and 
"' cos () d() na I a2+r2-2ar cos()= r(r2-a2) for a< r. 
Substituting in (32), then 
00 
(34) f exp (- az) a-1 J 0(ar) J1(aa) da ~ 
0 
-I z-
- (z2+r2+a2)!- __ 
a a 
I z 
- (z2+2a2)!--2a 2a 
a 
2(z2 + r2 + a2)! 
r<a 
for r=a 
r>a 
In a dimensionless form Equation (34) reduces to (25). 
2. 
12 = r exp [- ( a2 +~)t z] ( a2 +~rt Jo(ar) Jl(aa) da = 
(35) ~ 11 exp [- z( a2 +~YJ (a2 +~rt Jl[a(a2+r2-2ar cos())!] da 
(a-rcos()) d() 
(a2+r2-2ar cos())! · 
48 Series A 
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00 
Denoting f ---- da in (35) by 14, then [7] 
0 
- 1 [ { (p)t} 14- exp - z - -(~ (a2+r2-2ar cos 8)}! iX ~ 
exp {- ~ (z2 + a 2 + r 2- 2ar cos 8)} 2 J 
and 
(36) 
exp [- z(~YJ " (a-r cos 8) h= s ~-
n (~/ 0 a2 +r2- 2ar cos e 
1 "(a-r cos 8) exp 1-P- (z2+a2+r2- 2ar cos e)}t 
-- s I IX de (p)t a2 + r2 - 2ar cos e . n - o 
IX 
The final result is 
